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INTRODUCTION
This pape r show s a math emat ical simu latio
n
mode l for a one cylin der elect rody nami
c
comp resso r as shown sche mati cally in Figu
re
l.
This comp resso r is comm only known as
Doelz comp resso r. The coil is suspe nded a
by
two sprin gs and the pisto n is conn ected
to
the coil.
The drivi ng force come s from the
inter actio n of the curre nt in the coil
with
a stead y magn etic field which is produ
ced
by a perm anent magn et. When the coil
1s
conn ected to an alter natin g volta ge sourc
e,
the pisto n and the coil will curve at
the
inpu t frequ ency .
There has alway s been inter est in osci
llatin g comp resso rs becau se the kinem atics
are so unco mplic ated, which seems to make
these comp resso rs cand idate s for low cost
desig ns, and a varie ty of osci llati ng
comp resso rs, not alway s on iden tifie d
principle s, has been inven ted throu gh the
years
and analy zed.

Disch arge
Valve
Sucti on
Valv e
Pisto n
Sprin g

Coil

The analy sis that comes clos est to the
work desc ribed here is that by Cadm an
and
Cohen [1,2] .
Howe ver, their comp resso r
was a two pisto n doub le actin g unit that
did not have certa in diffi cult ies that
to be faced in this simu latio n. For in-had
stanc e, as will be expla ined, the prese
nt
case has a float ing oper ating poin t that
is a func tion of the press ure ratio .
This
intro duce s the diffi culty that the compress or will reduc e its pump ing of gas
as
the press ure ratio incre ases , much more
so
than a conv entio nal comp resso r.
The only othe r inve stiga tion that has
to be
ment ioned is that by Fune r [3,4] , which
is,
howe ver, expe rime ntal and not conce rned
with a simu latio n.
Othe r pape rs abou t osci llati ng comp resso
rs
that may be of inter est are given in refer
ences [5-10 ].

Fl~ure

1. Sche matic Draw ing of an Osci llatin g Comp resso r.
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BASIC MATHEMATICAL MODEL
The development of the model starts with a
free body diagram of the piston as shown in
Figure 2. Acting on the piston is the force
due to the combined springs, including the
gas effects, and the electrodynamic driving
force. The mass of the piston includes a
portion of the spring mass and, of course,
the driving coil mass. Very important is
the fact that at every oscillation energy
is removed from the system equal to the
work of gas compression and the work that
is necessary to overcome piston friction.

These equations can now be solved provided
we know what the equivalent parameters are.
The definition of the equivalent parameters
follows.
Equivalent Damping Ce
Damping in the oscillating compressor can
be viewed to come about in three ways. The
most important is the work done by the compressor on the gas, which is equal to the
area enclosed by an ideal pressure volume
diagram. To this the valve losses are
added. The final important loss to the
vibratory system that has to be described
by equivalent damping is the friction loss.

C x

K X

e

e

The basic approach to formulate an equivalent damping coefficient is well known (11].
The energy dissipated per cycle E of a
harmonically oscillating system is:
E ~

mx

I

2

CeWXo

(3)

where ~ is the frequency of oscillation in
[rad/sec] and X 0 is the.amplitude of :oscillation. From this we get:
Ce

1r Ex2
w0

(4 l

In general, we have
F

Figure 2.

(5)

Free Body Diagram.

These various terms are treated in the following, but at present they are lumped together in terms of an equivalent spring
constant ke, an equivalent viscous dumping
constant Ce and an equivalent mass me.
The equation of motion that governs the
mechanical part of the system is, therefore, given by:
d2x

dx

me - - + Cedt + kex
dt 2

F

(1)

where

and where Be is the effective magnetic flux
in[:ib]that is available to act on the coil,
ie is the effective length of coil wire in
[m]. The current i in [Amp] is obtained
from an electric system equation. The
electric circuit can be thought of as
consisting of an effective resistance Re
in [~], an effective inductance L9 in [HZ],
~an effective back electro-magnetic voltage
Beiex in [V] and a voltage source of constant magnitude V in [V]. This circuit is
shown in Figure 3. The circuit equation is:
B i

dx + Rei + L9 di ~ V

e edt

dt

(2)

where W is the work done on the gas and is
described by a pressure volume diagram with
ideal valves. Ev is the energy dissipated
by the valves and Ef is the energy dissipated by system friction.
Note that the concept of equivalent damping
depends on the requirement that the system
oscillations are at least approximately
harmonic. Theoretically, this assumption
is justified since the parameters for this
type of compressor are such that the system
oscillation is controlled by the.mechanical
springs, which are of course linear. A
relatively small nonlinearity is introduced by the gas spring effect, but this
is a second order effect when one compares
the various spring constants. Experimental
work by Funer [3,4] seems to indicate the
same, even which he does not report are
actual measurement of the entire piston
motion. In this work, the authors did ·
measure the voltage and current time history and found both to be sinusoidal for
all practical purposes. If the piston
motion would have deviated appreciably
from harmonic motion, this should have
been reflected in the current measurement.
The manufacturer's patent [12] indicated
an approximately sinusoidal motion, but
it is not known if this based on actual
measurements.
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Figu re 3. Elec tric Circ uit of the Osci
llatin g
Comp resso r.
1.

Work Done on Gas

wher e nomi nal Ps is the sucti on press ure
[N/m2 ] and Vs is the effec tive intak e vol-in
ume.

From basic therm odyn amics , we obta in for
a
typic al idea l press ure volum e diagr am,
as
shown in Figu re 4, the work per cycle
as:
W

=

n
n-lPs Vs

r
L

Pd (n-1) /n
(ps)
- 1

It is nece ssary to expre ss every thing
in
terms of the as yet unkno wn vibra tion
ampl itude x0 •
In orde r to do this, we have
to refer again to Figu re 4. The intak
e
volum e can then be found as:

l

J (6)

p'

X

X

0

0

p

s

r---------------~------------~
vs

Figu re 4.

v
Press ure Volum e Dtagr am
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discharge valve out of the way. It is, of
course, not possible for the p-V diagram
to extend into the negative volume region.
The work expression must therefore be
modified. The best approximatio n seems
to be to approximate the work expression
as:

Where Ap is the piston area in [rn2] measured
from the top of the cylinder around which
the piston is oscillating. Note that Xm
will be a function of the preset piston
position Zo when no forces are acting on
the piston (see Figure 5) and a bias
position Y0 which is a function of the
pressure ratio, given by:
y

0

=

where Figure 6 defines b and a. The figure shows the work done if the displacing
of the valve is ignored. It also shows
what happens in reali-ty, namely that once
the valve is displaced, no further compression takes place. Because of the
valve dynamics, there will be backflow
which acts like a re-expansion of gas.
How the re-expansion actually looks like
depends on many factors, but it is felt
that what is covered here is a reasonable
approximatio n.

(Pd - Ps)Ap
2 (kl + k2)

Note that k1 and k2 are the two mechanical
spring constants in [N/m],
In general, the work can be written as:
(8)

where
Pd
Ps

{-)
-)
(pd

c2

Ps

l/J A
l/J A

2.

p

v,alve Losses

To find the valve losses in the oscillating compressor we assume that the total
energy of the gas is converted into the
pressure difference across the valve.

p

From the Bernoulli equa~ion we can write
a general expression for the average

Note that for some operating conditions it
is possible for the piston to push the

z0
p =P

s

y

-

Figure 5.

-

-

-

d

0

-+t--....L-

Equivalent System
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Equilibrium
Position

or fina lly:

p

a

(14)

To obta in the tota l valv e loss
, we have to
add the loss for the disc harg
e valv e, Ed,
and the loss for the suct ion
valv e, Es •

b

PsV~

.,

Ev

\

3.
p

(14a )

s

v

Ref erin g to Figu re 7 we see imm
edia tely
that vari ous sim plif icat ions are
pos sibl e.
Assu ming that the oil film is
alwa ys of
con stan t thic kne ss arou nd the
pist on, the
equ atio ns sim plif y to:

! ~
P a~

pres sure drop at the valv e as
foll ows :
pv2
Ll.p
-2(10)

+

~

a2u

P ~

= o

(15)

When u is the flow velo city in
[m/s ec],
pis the pres sure in the oil
film in ~N/m2],
u ~s the visc osit y of the oil
[Nse c/m ]
and p is the mass den sity of
the
oil in
[Nm 2;m4 ].

whe re
den sity of the

Fric tion Loss

In orde r to find the ener gy diss
ipat ed by
the fric tion gen erat ed by the
stre ss in
the oil betw een the pist on and
the cyc linder wal l we need to solv e the
Nav ierStok es equ atio n for inco mpr essi
ble flow [15] .

Figu re 6.
Pres sure Volu me Diag ram for
Pist on Push ing the Disc harg e
Valv e.

v

~--2

2LI.tdAd

s s

The open ing time is obta ined
from the p-V
diag ram and the fact that the
osc illa tion
is sinu soid al:

\

p

+

2LI.t2A2

gas[~]

D

m

aver age velo city of the gas [sec
)

p

Cyc lind er
Wal l

The aver age velo city of the gas
thro ugh the valv e can be exp ress flow ing
ed as:

v

v
= ffi"

I

(11)

whe re
V

~ volu me of the gas [m 3 ] be~ng dlschar
ged or take n in.

Ll.t
A

open ing time of the valv e [sec
]

p

aver age effe ctiv e cros s a5tu al
area of the valv e por t [m ]

Then we can rew rite equ atio n
(10) us•n g
equ atio n (11) as:
Figu re 7.
(12)

~

z
Z• h

Z=O

X

Equ ilibr ium Pos itio n
of Pist on
Ana lysi s of the Oil Film

rnte grat ing this equ atio n give
s:
2
d

from whic h the ener gy lost in
the valv e per
cycl e can be exp ress ed as:
E

s

..£zd~

Ll.p•V

2

= J1U

+ A1Z + A
2

(16)

Sinc e at z = 0, u = 0, but at
z ., h , the
flow velo city , u, mus t be equ
al to the
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piston velocity x, we obtain, after evaluations of the integrat ion constant s,
u

=

xz

hz

i l - 2u

n...

if

(l -

where Xt is the minimum displace ment when
the compress or is still pumping, given by:
{ (PoiPs) l/n .... 1}

z

n.l

XQ, =

(17)

Pp
1 +

<rs>

l/n

Xu.

(25 a)

Since the shear stress is:

'xz

= fl

p

au

'3Z

(18)

and since we may assume that:
(19)
where H is the height of the pistons, we
get, at z = a.
+ h (p ... P$)
=
~
2H
h
(20)
'xz (z= h)

ux

From this we obtain the total force resisting :piston motion as;
(21)

where

s

A
X

m

_ TIDltV
B 1-~

Bz

= TIDh(~

-

Ps)

However, when we determin e the energy
over one cycle of oscillat ion, the influence of the pressure differen tial
becomes negligib le and we obtain:
Ef
.~uivalent

p

=

TI 2 DHl,IW

h

2

xo

(22)

Spring Constant s and Mass

The equivale nt spring constant includes
the two mechanic al springs and the equivalent gas spring constant ,

As we can see from Figure 8, the equ;i..valent spring gas constant can be approximated by, followin g Cadman [ 1] in the
basic idea, as:

However, there is a basic differen ce to
Cadman's work since for this type of oscillatin g compress or the compress or may
not pump but still vibrate between
points A and B as shown in Figure 9 and
then the spring gas constant can be calculated by the followin g expressi on:
(25)

v
Figure 9. Gas Spring Constant When The
Compress or is not pump.
The equivale nt mass is simply the mass of
the piston, coil plus attachme nts, with
one third of the mechanic al spring masses
added. The derviati on of the one third
of spring mass rule is standard form in
vibratio n textbook s [11],
ELECTRICAL MODELING
Despite the fact that the exact analysis
of the eddy current and the hysteres is
losses are very complica ted for the oscillatin g motor, we can find in the
literatu re [13] that for modeling ~ur
poses we can use an equivale nt resistan ce
parallel to the coil inductan ce as shown
in Figure 10.
The numerica l value for this equivale nt
resistan ce will be taken as an average
constant resultin g from tests done on
the oscillat ing motor [14].
Therefor e, from Figure 10, we can write
an expressi on for the total equivale nt
series impedanc e of the circuit in Figure 3
as follows
(26)

R

R

coil resis tanc e
L
coil
indu ctan ce
""
RL "" equi vale nt
for iron loss

Figu re 10.

v

L

Elec tric Circ uit Mod eling the Iron
Loss es

or, by repr esen ting the circ uit by
an
equi vale nt resis tanc e and equi vale nt
induct ance , we get:
2 2
w L RL
R "" R +
(27)
e
R~ + w2L 2

and the disp lacem ent

x

R2 L
L
R2 + w2L2
L

e

(28)

Note that an impe danc e is a stead y
stat
conc ept base d on harm onic ally vary ing e
volta ge and curr ent.
Sinc e the mode
the osci llati ng comp resso r is a steadl of
y
stat e mode l base d on a harm onic moti
on
assu mpti on and harm onic volt age and
current , the impe danc e expr essio ns are
compati ble with the mode l.
Howe ver, if a
tran sien t anal ysis o£ for insta nce,
the
star t up cond ition s,is attem pted , a
care
ful reap prai sal of this meth od is need ed
SOLUTION APPROACH

xo

==

(V oBe! e) 2
/::;2

(32)

and the curr ent amp litud e:
I

(29)

0

[ (K

==

e

- mw2) 2 + (Ce w)2)V o2

wher e

the curr ent

112
i ==I ej(wt -Cl'.)
0

(31)

Sub stitu ting thes e sinu soid al solu tion
func tions into Equa tions 1 and 3, we
find the disp lacem ent amp litud e to
be:

Desc ribin g the inpu t volta ge, the curr
ent
and the disp lacem ent as sinu soid al
func tions we can writ e, by comp lex
nota tion , the volta ge as:
v

==X ej(wt -13)
0

The sinu soid al func tions for the curr
ent
and the disp lacem ent can be just ified
by
the fact that the syste m is cont rolle
d by
the two mech anica l sprin gs. Volt age
curr ent were actu ally meas ured on the and
oper ating comp resso r prot otyp e and
were
foun d to be sinu soid al for all prac
tica l
purp oses . Howe ver, in syste ms wher
e the
pisto n is cont rolle d by the gas (for
exampl e, the free pisto n comp resso r)
this
assu mpti on may have to be mod ified
becaus e then the nonl inea r effe ct of
the gas
comp ressi on may influ ence stron gly
the
beha vior of the syste m.

and
L

L

"'

112 + 112
1
2

and

( 30 J

2
e R eq - mw Re Be!e( l] + LK (J) - mw 31
e
e

11

112
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1

== K

ce w2 L
+ ce

(JJR

(33)

and the phase of the displacemat and the
current are as follows:
B

tan

-lll2-7t
2
lll

(3-4)

and

It must be noted that the equivalent
damping and the equivalent spring are
functions of the displacement and therefore
equation (32) is nonlinear. An iteration
process has to be used to calculate the
displacement.
A flow diagram of the oscillating com....
pressor simulation program is' shown in
Figure 11. In the following paragraph
the consecutive steps taken by the computer are briefly explained.
First, input parameter are defined which
include, basically, two groups of parameters; 1) the operation conditions
(pressure ration, frequency, etc.,
2) desig-n parameters- (mass, resistance,
spring constant, etc.). Next, a value
for steady state amplitude x 0 is assumed
and the equivalent spring constant and
equivalent damping constant are calculated.
At this point, the program c·alculates
the piston amplitude by equation (~2~ •.
If this value is not equal to the ~n~t~al
estimate, the algorithm returns with
the new amplitude value to calculate
again the equivalent spring· constant and
the equivalent damping constant.
If the new estimate of the piston amplitude is greater than the mean distance
value, then the gas pow·er is calcualted
by·equation (9) and the algorithm starts
from the beginning.
If the new value is equal to the previous
one, the iteration procedure is terminated.
Then the current amplitude and all other
information is calculated and printed out
(input and! output work, losse·s, efficiency,
etc.).
Experimental Investigation
The· oscillating compressor wa.s part of a
small refrigerating system that included
a condenser, evaporator, and a hand regulated expansion valve.
A wattmeter, an ammeter and a voltmeter
were used to measure the input power, the
current and the voltage input.
Also a voltage regulator and a frequency
changer were connected to the compressor.

When the frequency was changed the voltage
regulator was adjusted to hold the· input
voltage constant.
Two thermocouples and two pressure gage-s
were connected to the inlet and outlet of
the compressor to measure th~ pressur~s
and temperatures of the suct~on and d~s
charge lines.
Operating condition were changed by changing air flow over the condenser and by
adjusting the expansion valve.
Besides measuring wave forms, the purpose
of the experimental s.et up was to obtain
measured input power as a function of
frequency and operating conditions.
Results and Discussion
For the compressor under investigation,
the agreement between theoretical inp~t
power and actual input power as funct~ons
of frequency, for a given operating condition, is shown in Figur·e 12. Because
of the simplicity of the experimental
arrangement, it was difficult to hold the
suction and discharge pressures exactly
constant, but the scatter as reflected in
the experimental points is small.
As we see, the most favorable conditions
exist in a very narrow frequency band.
Note that the optimum line frequency would
be 53 Hz for this particular operating
condition. The optimum frequency is a
function of both suction and discharge
pressure. Figure 13 illustrates this.
In Figure 14, we show the piston amplitude
as a function of frequency. In this particular case, the maximum amplitude seems
close to the optimum frequency, _however,
under different conditions and loss-es,
it shifts more to the right of the optimum frequency.
The mass flow as a function of frequency is
plotted in Figure 15. As expect·ed, the
maximum mass flow occurrs at the frequency
of maximum amplutude of motion.
Typically, compressors of this type wil.l
have reduced mass flow rates with an increase of pressure ratio until there is
a pressure ratio where no pumping is
possible. This is illustrated in Figure 16
for a pressure ration of 5.4. This plot
agrees in character with the experimental
results given by Funer [3] for air, except
that Funer plotted delivered volume as a
function of pressure ratio.
It is interesting, how the theoretical
efficiency changes as we remove the friction loss. This is shown in Figure 17.
The theoretical improvement is dramatic at
at the optimum frequency and indicates one
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directi on
further .
quency is
provem ent

which should be investi gated
Of course, if the line frediffere nt, the potenti al imis much reduced .

agrees to some extent with experim ental
values obtaine d by Funer [3] on the same
compre ssor, but differe nt line frequen cy
and voltage . Also, he used air and it is
not known at which value he kept either the
suction or the dischar ge pressur e.

Figure 18 shows a plot of efficien cy as
a functio n of pressur e ratio for constan t
dischar ge pressur e.
There seems to be an
optimum , for this particu lar design, at
a pressur e ratio of about 2.1.
This
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e for no pump
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e
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w
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v

Figure 11.

Flow Diagram
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Conclusion

Vol. 6, No. 3, March, 1956, pp. 93-99.

The following conclusions can be made:

6.
Bach, K., "SchwingVerd;ichter"' {~''Os
cillating Compressors")., Kaeltetechni~,
Vol. 11, No. 8, August, 1959, pp. 462~267.

1. The mathematical model that was developed explains certain characteristics of
the oscillating electrodynamic compressor.
As they were observed through e~peri
mental investigations.

4. It is shown that tne model can be made
to agree with experimentally obtained input power measurements.
The efficiency of the system is very
$ensitive to driving frequency.
3.

4. The compressor is very sensitive to
pressure ratio as far as mass flow rate is
e::oncerned,
5. For a given design, there seems to be
<m optim1,1m pressure ratio for maximl,lffi
efficiency.

7. Coates, D, A., and Cohen, R., "Preliminary Study of Pree Pbton Stability
in Elec;tro<;lynam:i,.c Gas Cqmp~esso:x;",
proceedings of XII International Congreee
of Refrigeration, Vol. II, pp. 903-914,
1967.
8.. Cq.rwen, D. w. , . "Recent Developments
of Oil Free Linear Motor Resonant~Piston
comprE;lssors", presented at; tne Fl~idl?
Enginee:r;ing ..Applieq Mechan:i,ce; C~nferel,'l.ee,
Chicago, Illinois, June 16-18, 1968.

9. Yang, Wen-Jei, and Huang, H-ung-Sen,
"Dynam:i,.c Charac;:teri!:;tics of El,ect;.J:<o"'
magnetic Compresso:ni", presented <:it the
ASME Winter Annual Meeting, November 16,
1969.

6. Just because site forces on the piston
are not present does not mean that
viscious friction losses between piston
and cylinderwall can be negleqted. The
efficiency ~t the optimum freq\lency was
~hwon to be very sensitive to friction
loss.

11. Thomson, W.T., "Theory of
Prentice-Hall, 1972.

7. The way of modeling the iron losses
by an equivalent circuit seems to be
+easonable,

12, Omura, M., Okuda, Y,, Kainuma, a.,
"Electrical Vibration Type compreeso:r",
u. s. Patent No. 4,0~7,211, 1977.
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